The universal Tan relations connect a variety of microscopic features of many-body quantum systems with two-body contact interactions to a single quantity, called the contact. The latter has become pivotal in the description of quantum gases. We provide a complete characterization of the Tan contact of the harmonically trapped Lieb-Liniger gas for arbitrary interactions and temperature. Combining thermal Bethe ansatz, local density approximation, and exact quantum Monte Carlo calculations, we show that the contact is a universal function of only two scaling parameters, and determine the scaling function. We find that the temperaturedependence of the contact, or equivalently the interaction-dependence of the entropy, displays a maximum. The presence of this maximum provides an unequivocal signature of the crossover to the fermionized regime and it is accessible in current experiments.
Interacting one-dimensional (1D) bosons display very different physical regimes at varying interaction strength, from quasicondensates to the emblematic fermionization effect [11] . So far, emergence of statistical transmutation in the Tonks-Girardeau regime [12, 13] and suppression of pair correlations in the crossover towards strong correlations [14, 15] have been reported in cold-atom experiments. However, the experimental characterization of the various quantum degeneracy regimes at finite temperature, identified in Ref. [16] , remains challenging. A major difficulty is that most quantities show a smooth monotonic behaviour when crossing over different regimes. Understanding whether the contact can provide an efficient probe is one of the motivations of our work.
In most experimental conditions, the gases are confined in longitudinal harmonic traps and thermal effects cannot be neglected. While the homogeneous 1D gas is exactly solvable by Bethe ansatz, the trapped system is not integrable, therefore requiring approximate or ab initio numerical approaches. Previous theoretical studies have investigated the contact for homogeneous bosons at finite temperature [17, 18] , trapped bosons at zero temperature [3, 19] , and at finite temperature in the Tonks-Girardeau limit [20] . Momentum distributions of strongly-interacting, trapped bosons at finite-temperature were also computed by quantum Monte-Carlo methods [21] .
In this work, we provide a complete characterization of the Tan contact of 1D bosons under harmonic confinement for arbitrary interactions, particle number, temperature, and trap frequency, and show that it indeed provides a useful probe of quantum degeneracy regimes. Using a combination of thermal Bethe-ansatz solutions with local-density approximation and exact quantum Monte Carlo calculations, we demonstrate that the contact is a universal function of only two scaling parameters and find the scaling function (see Fig. 1 ), hence generalizing the results of Ref. [21] . As a main result, we find that the contact displays a maximum versus the temperature. This behaviour is characteristic of the trapped gas with finite, although possibly arbitrary strong, interactions. We argue that the existence of this maximum is a direct consequence of the dramatic change of correlations and thus provides an unequivocal signature of the crossover to fermionization in the trapped 1D Bose gas. We derive asymptotic limits and discuss a physical picture of the evolution of the contact versus temperature and interaction strength. Finally, we compute the full momentum distributions in various regimes. They show the emergence of the high-momentum tails and assess the experimental observability of our predictions.
Two-parameter scaling.-Consider a 1D Bose gas with repulsive two-body contact interactions, in the presence of the harmonic potential V (x) = mω 2 x 2 /2, with m the particle mass, x the space coordinate, and ω/2π the trap frequency. It is governed by the extended Lieb-Liniger (LL) Hamiltonian
where j and span the set of particles, and g = −2
2 /ma 1D is the coupling constant with a 1D the 1D scattering length. The thermodynamic properties of the interacting gas at the finite temperature T are uniquely determined by the grandpotential Ω = −k B T ln Tr e −(H−µN )/kBT , where k B is the Boltzmann constant, N the particle number operator, and µ the chemical potential.
We start from the homogeneous case, V (x) = 0. Using k B T as the unit energy and, correspondingly, the thermal de Broglie wavelength λ T = 2π 2 /mk B T as the unit length, we readily find that the Hamiltonian H/k B T is a function of the unique parameter a 1D /λ T . Since the interactions are short range, Ω is an extensive quantity. It follows that the dimensionless quantity Ω/k B T is a function of the sole intensive, dimensionless parameters µ/k B T and a 1D /λ T , times the length ratio L/λ T . We may thus write
with A h a dimensionless function. For the gas under harmonic confinement, the additional energy scale ω emerges, associated to the length scale a ho = /mω. Within the local-density approximation (LDA), we write the grand potential as the sum of the contributions of slices of homogeneous LL gases with a chemical potential locally shifted by the trap potential energy,
Using Eq. (2) and rescaling the position x by the quantity 2 √ πa 2 ho /λ T , we then find
where A a dimensionless function stemming from A h . The scaling forms of the relevant thermodynamics quantities are then readily found from Eq. (3). On the one hand, the average particle number, N = − ∂Ω/∂µ| T,a1D , reads
It follows that the reduced chemical potential µ/k B T is a universal function of only two scaling parameters, namely N λ 2 T /a 2 ho and a 1D /λ T , or, equivalently, ξ γ = −a ho /a 1D √ N , and ξ T = −a 1D /λ T . On the other hand, the contact is expressed using the Tan sweep relation [4, 22, 23] 
Using Eq. (4) and writing µ/k B T as a function of ξ γ and ξ T , we find
with f a dimensionless function. In the following, we shall use this two-parameter scaling form. Note that the choice of the scaling parameters is not unique, but any other choice can be related to ours. For instance, the parameters 2mk B T / 2 ρ(0) 2 and mg/ 2 ρ(0) identified in Ref. [21] can be related to those in Eq. (5) by noting that the density at the trap center ρ(0), multiplied by λ T , is a function of ξ T and ξ γ . Our choice of the parameters is motivated by the fact that they only depend on bulk quantities. Note also that the procedure used to find the scaling form (5) is general and can be straightforwardly extended to higher dimensions and Fermi gases.
Scaling function for 1D bosons at finite temperature.-In order to verify the scaling form (5) and find the scaling function f for interacting 1D bosons, we use two complementary approaches.
On the one hand, we perform the LDA on the exact solutions of the Yang-Yang (YY) equations [24] , found by the thermal Bethe ansatz for the grand-potential density
and the dressed energy,
with c = mg/ 2 = −2/a 1D . We thus find the grand potential in the harmonic trap, and the scaling function A in Eq. (3). Applying the procedure presented above, we then find the scaling function f in Eq. (5) for the contact.
On the other hand, to assess the accuracy of the LDA, we perform ab-initio quantum Monte Carlo (QMC) calculations. We use the same implementation as in Refs. [25, 26] . The continuous-space path integral formulation allows us to simulate the exact Hamiltonian (1), for an arbitrary trap V (x), within the grand-canonical ensemble. The statistical average of the number of world lines yields the total number of particles N , and the interaction energy H int is computed from the zero-range two-body correlator. The contact is then found using the thermodynamic relation (green), and 4.47 (red). The black dashed, red dotted, and red dashdotted lines correspond to Eq. (S12), Eq. (10), and Eq. (11) respectively. The QMC data are found from various sets of parameters, corresponding to the various symbols [30] .
The world lines are discretized into an adjustable number M of slices of elementary imaginary propagation time = 1/M k B T each, and sampled using the worm algorithm [27, 28] . Each calculation is run for various values of and polynomial extrapolation is used to eliminate systematic finite-time discretization errors [29] . The scaling function f , namely the rescaled contact a Fig. 2(a) and, inversely, as a function of ξ T for various values of ξ γ in Fig. 2(b) . The numerically-exact QMC data are computed for a broad set of parameters. When plotted in the rescaled units of Eq. (5), they show excellent data collapse among each other and fall onto the LDA curves. Quite remarkably, the agreement holds also in the low-temperature and strongly-interacting regime where the particle number is as small as N 5, within less that 3%. Our analysis hence validates the scaling form (5) and shows that the LDA is very accurate in computing the contact for the trapped LL model.
Onset of a maximum contact versus temperature.-We now turn to the behavior of the contact. Particularly interesting is the non-monotonicity of C versus the temperature and the onset of a maximum, see Fig. 2(b) . This behaviour strongly contrasts with those found for the homogeneous gas and the trapped gas in the Tonks-Girardeau limit (a 1D → 0), which are both characterized by a systematic increase of the contact versus temperature [17, 20] . In the trapped case, the maximum in the contact as a function of ξ T is found irrespective to the strength of interactions but is significantly more pronounced in the strongly-interacting regime. From the data of Fig. 1 , we extract the temperature T * at which the contact is maximum at fixed ξ γ . In Fig. 3 , we plot ξ * T = −a 1D /λ * T as a function of ξ γ . As we discuss now, ξ * T shows significantly different behaviours in the strongly-and weakly-interacting regimes, but, in both cases, it characterizes the onset of the regime dominated by interactions.
We first consider the strongly-interacting regime, ρ(0)|a 1D | 1. Using the virial expansion, we obtain the analytical expression for the contact [29] 
see black dashed line in Fig. 2(b) . It has a maximum at ξ * T = 0.485, in very good agreement with the asympotic scaling ξ * T 0.490 ± 0.005 extracted from the data (dashed red line in Fig. 3) .
The existence of a maximum of the contact in the stronglyinteracting regime can be inferred by a competition of two different behaviours. On the one hand, at low temperatures, |a 1D | λ T (ξ T 1), both quantum and thermal fluctuations are dominated by the repulsive interactions and the gas is fermionized. The contact is then found from the BoseFermi mapping, i.e. C = (2 2 /gm)´dx ρ(x)e K (x), where e K is the kinetic-energy density [31] . Since the gas is weakly degenerate, the latter follows from the equipartition theorem, i.e. e K (x) = ρ(x)k B T /2, and the density profile can be taken as non-interacting, i.e. ρ(x) = (N/ √ 2πL th ) exp(−x 2 /2L 2 th ), with L th = k B T /mω 2 . It yields
thus recovering the results of Ref. [20] by a different approach.
On the other hand, at high temperature, λ T |a 1D | (ξ T 1), the weakly-degenerate Bose gas is dominated by thermal fluctuations. In this case, the contact can be estimated by the mean-field expression H int = g´dx ρ(x) 2 . Using the ther-mal density profile, we then find
Both Eqs. (10) and (11) are in good agreement with the numerical calculations, see red dotted and dash-dotted lines in Fig. 2(b) . These expressions show that the contact increases with the temperature in the fermionized regime but decreases when thermal fluctuations dominate over interactions. The maximum of the contact thus provides a non-ambiguous signature of the crossover to fermionization. The situation is completely different in the weaklyinteracting regime, ρ(0)|a 1D | 1. In this case, the gas is never fermionized. At low temperature, (|a 1D |/ρ(0)
3 )
1/4
λ T , the gas forms a quasi-condensate characterized by suppressed density fluctuations [17] . The contact is then found from the mean-field expression for H int , using the ThomasFermi (TF) density profile ρ(
TF ) with L TF = 2µ/mω 2 . In this regime one has [3]
with η = 4 × 3 2/3 /5. In the high-temperature and weakly-interacting regime,
, the interactions are negligible and the bosons form a nearly ideal degenerate gas. Using the corresponding density profile ρ(x) = λ
decays at least as λ
4
T and thus C decreases with the temperature. Therefore, in the weakly-interacting regime, the maximum contact signals the crossover from the quasi-condensate regime to the ideal Bose gas regime. The position of the maximum of the contact may be estimated by equating Eqs. (12) and (13) . The calculation is significantly simplified by neglecting quantum degeneracy effects in Eq. (13) . Then, G(α) π/2 exp(2α) and we find
The numerical data are well fitted by Eq. (14) with ν as an adjustable parameter (see dotted blue line in Fig. 3 ), yielding ν fit = 0.6 ± 0.06, in good agreement with the theoretical estimate ν th = 2/3 [32] . Maximum entropy versus interaction strength.-To further interpret the onset of a maximum contact versus temperature, it is fruitful to note that it is equivalent to the onset of a maximum entropy S versus the interaction strength. For a fixed number of particles, it is a direct consequence of the Maxwell identity [33] In the homogeneous LL gas, the entropy at fixed temperature and number of particles, decreases monotonically versus the interaction strength, since the repulsive interactions inhibit the overlap between the particle wavefunctions, hence diminishing the number of available configurations. In the trapped gas, however, this effect competes with the interaction-dependence of the available volume. More precisely, starting from the non-interacting regime, the system size increases sharply with the interaction strength, while the particle overlap varies smoothly. In this regime, the number of available configurations and the entropy thus increase with the interaction strength. At the onset of fermionization, interaction-induced spatial exclusion becomes dramatic and the particles strongly avoid each other. In turn, as opposed to the non-interacting regime, the volume increases very slightly. In this regime, the number of available configurations thus decreases when the interactions increase. This picture confirms that the maximum of the entropy as a function of the interaction strength, or equivalently the maximum of the contact as a function of the temperature, signals the fermionization crossover.
Experimental observability.-Our predictions can be checked with ultracold quantum gases where the Tan contact is extracted from radio-frequency spectra or momentum distributions [5, 6, 8, 34] . As an illustration, Fig. 4 shows two examples of momentum distributions as found from QMC calculations in the strongly-interacting regime: Fig. 4(a) corresponds to almost zero temperature (ξ T 1) and Fig. 4 (b) to the contact maximum (ξ T ξ * T ). In both cases, the momentum distributions exhibit an algebraic decay in the largemomentum tails (note the log-log scale in the main panels), with a weight well agreeing with our estimate for the contact [35] . Note that in the examples shown here the momentum distributions decay over three to four decades. Recent experiments with metastable Helium atoms now cover up to six decades [34] and thus appear particularly suited to extract accurate values of the contact from the diluted large-momentum tails.
Conclusion.-Summarizing, we have provided a complete characterization of the Tan contact for the trapped LiebLiniger gas with arbitrary interaction strength, number of particles, temperature, and trap frequency. We have derived a universal scaling function of only two parameters and we have shown that it is in excellent agreement with the numericallyexact QMC results over a wide range of parameters. As a pivotal result, we found that the contact exhibits a maximum versus the temperature for any interaction strength. This behaviour is mostly marked in the gas with large interactions and provides an unequivocal signature of the crossover to fermionization. In outlook, the analysis of the Tan contact can be extended to the excited states and multi-component quantum systems. For instance, it can be used to infer the symmetry of the mixtures [36, 37] and of the non-thermal nature of quantum states [38, 39] . P.V. acknowledges Mathias Albert for useful discussions. This research was supported by the European Commission FET-Proactive QUIC (H2020 grant No. 641122). It was performed using HPC resources from GENCI-CCRT/CINES (Grant No. c2017056853). D.C. is a member of the Institut Universitaire de France.
Supplemental Material for Tan's Contact for Trapped Lieb-Liniger Bosons at Finite Temperature
In this supplemental material, we provide a detailed description of the finite-scaling approach (Sec. S1) and the derivation of the virial-expansion formula (Sec. S2).
S1. FINITE-SCALING IN THE QUANTUM MONTE CARLO CALCULATIONS
The quantum Monte Carlo (QMC) calculations use a continuous-space description of the worm lines within the path-integral formulation. In turn, the imaginary-time (temperature) is discretized with the finite time step . The QMC results are exact in the → 0 limit. In order to find the final results reported on the Fig. 2 of the main paper, we proceed as follows. For each set of physical parameters (interaction strength, chemical potential, temperature, and trap frequency), we perform a series of QMC calculations for different values of and extrapolate the result to the limit → 0.
For most of the calculations, we are able to use a sufficiently small value of and a linear extrapolation is sufficient. We fit the QMC data with a below. In this case, the linear extrapolation only corrects the QMC result for the smallest value of ( /β = 0.01) by less than 4%.
In some cases, however, the linear fit is not sufficient for extrapolating correctly the QMC results. This occurs in the stronglyinteracting regime for low to intermediate temperatures. In such cases, we use a third-order polynomial, a
, to extrapolate the finite-numerical data. An example is shown on the right panel of Fig. S1 . In this case, the extrapolation corrects the QMC result for the smallest value of ( /β = 0.0005) by roughly 25%.
For all the QMC results reported on the Fig. 2 of the main paper, we have performed a systematic third-order polynomial extrapolation, even when a linear extrapolation was sufficient.
S2. DERIVATION OF THE TAN CONTACT IN THE LARGE-TEMPERATURE AND LARGE-INTERACTION LIMIT
We derive here Eq. (9) of the main paper for the contact at large, finite temperature (k B T N ω) and large interactions |a 1D |/a ho 1. As a first step, the Tan's contact at large temperature and arbitrary interactions can be estimated using the first term of the virial expansion [20] where c 2 = λ T ∂b 2 ∂|a 1D | and b 2 = ν e −β ω(ν+1/2) . The ν's are the solutions of the transcendental equation
By exploiting the Euler reflection formula
one can re-write Eq. (S2) under the form f (ν) = −cot(πν/2) Γ(ν/2 + 1/2) Γ(ν/2 + 1) .
By using the asympotic expansions
and
we obtain the following asymptotic expression for f (ν)
In the Tonks-Girardeau regime, corresponding to a 1D = 0, one has ν = 2n + 1, with n ∈ N. Thus, in the regime |a 1D |/a ho 1, we obtain an explicit expression for ν, by writing 
In order to evaluate analytically the sum in Eq. (S10), we replace ν with 2n + 1 in the exponential. Indeed, the first-order correction in |a 1D | gives a negligible contribution in the limit β → 0 and a 1D → 0. We finally get 
